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     In this paper, we characterize the texture of tripotent graph of the ring, which is associated by 
tripotent element of a ring such that, for every two distinct vertices; 𝑠𝑠 and 𝑡𝑡 then, their adjacent if and 
only if  (𝑠𝑠 + 𝑡𝑡) 3 = 𝑠𝑠 + 𝑡𝑡. We establish several structural graphical properties of tripotent graph of 
local ring when it is a path graph and it is spanning subgraph with unit graph and clean graph. Also, 
we obtain that, the tripotent graph is Hamiltonian graph but doesn't Eulerian. Moreover, we investigate 
the concept of tripotent graph of a commutative ring 𝑅𝑅 where 𝑅𝑅 ≅ 𝑍𝑍2𝑟𝑟 and 𝑅𝑅 ≅ 𝑍𝑍3𝑟𝑟 for 𝑟𝑟 is a prime 
integer as 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇(𝑅𝑅)), 𝑚𝑚 (𝑇𝑇𝑇𝑇(𝑅𝑅)) and 𝜔𝜔(𝑇𝑇𝑇𝑇(𝑅𝑅)) which equals to 𝜒𝜒(𝑇𝑇𝑇𝑇(𝑅𝑅)). Furthermore, we 
prove that the tripotent graph of commutative ring is 4-partite graph and 𝛾𝛾𝑖𝑖𝑖𝑖𝑖𝑖𝑇𝑇𝑇𝑇(𝑅𝑅) = 𝑟𝑟, for 𝑅𝑅 ≅ 𝑍𝑍2𝑟𝑟. 
Finally, we are concerned about the metric dimension of tripotent graph of some cases of commutative 
rings, especially; where tripotent graphs are planar and nonplanar. 
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1. Introduction 

Graph theory and ring theory are fundamental branches of 
mathematics, and the interaction between them has led to 
many useful approaches for studying algebraic textures 
through graphs. In recent years, several types of graphs 
associated with rings have been introduced in the literature, 
where the vertices correspond to elements of a ring and 
adjacency is determined by certain algebraic conditions. 
Among these constructions, the unit graph represents each 
element of a ring as a vertex, and two distinct vertices 𝑠𝑠 and 
𝑡𝑡 are adjacent whenever their sum 𝑠𝑠 + 𝑡𝑡 is a unit element of 
the ring [3]. Another related construction is the idempotent 
graph, in which two vertices are connected whenever their 
sum is an idempotent element [13]. In a similar direction, the 
clean graph has also been studied, where adjacency occurs 
whenever the sum of two elements is either a unit or an 
idempotent element [12]. More recently, the concept of the 
tripotent graph of a commutative ring has been introduced by 
Essa and Ali [5], as the vertex set consists of all elements of 
the ring R, and two distinct vertices s and t are adjacent 

whenever the element 𝑠𝑠 + 𝑡𝑡 is tripotent; that is, it satisfies the 
condition (𝑠𝑠 + 𝑡𝑡)3 = 𝑠𝑠 + 𝑡𝑡, and its studies such graphs 
provides insight into how algebraic properties of rings 
influence the texture of the corresponding graphs [5]. 
Many works in the literature focus on analyzing structural 
properties of graphs associated with rings, such as 
connectivity, diameter, clique number, chromatic number, 
and planarity. These investigations contribute to a deeper 
understanding of the relationship between algebraic 
properties of rings and graph-theoretic parameters. 
Throughout this paper, all rings are assumed to be 
commutative with identity 1, and we study the texture of the 
tripotent graph of certain commutative rings. In particular, 
we demonstrate the size of the tripotent graph and show that 
𝜔𝜔�𝑇𝑇𝑇𝑇(𝑅𝑅)� = 𝜒𝜒�𝑇𝑇𝑇𝑇(𝑅𝑅)� = 4 or 6, depending on the texture 
of the sitting ring. Moreover, it concernes the tripotent graph 
of a ring which forms a 4-partite graph. Moreover, we 
investigate several graph invariants such as the diameter, 
clique number, chromatic number, independent domination 
number, and metric dimension for specific classes of rings. 
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2. Preliminaries 
This section presents several definitions and basic concepts 
from graph theory and ring theory that will be used 
throughout the paper. For undefined terminology, the reader 
may refer to standard references in these areas. “Let a graph 
𝐺𝐺 = (𝑉𝑉,𝐸𝐸)  be a simple graph where 𝑉𝑉(𝐺𝐺) denotes the set of 
vertices and 𝐸𝐸(𝐺𝐺) denotes the set of edges”. The order (size) 
of 𝐺𝐺 is represents to the number of vertices(edges), denoted 
by 𝑛𝑛;𝑚𝑚, respectively. “Two distinct vertices u and v are said 
to be adjacent if there exists an edge joining them”. A path in 
a graph G is a sequence of vertices where each consecutive 
pair is connected by an edge, and neither vertices nor edges 
are repeated. A graph 𝐺𝐺 is connected if there is a path 
between every pair of vertices, otherwise, it is disconnected.  
The distance between two vertices is defined as the length of 
the shortest path connecting them, and the diameter of a 
connected graph is the maximum distance between any pair 
of vertices and denotes by 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑(𝐺𝐺) [7]. The degree of a 
vertex 𝑥𝑥, represents as 𝑑𝑑𝑑𝑑𝑑𝑑(𝑥𝑥); is the number of edges 
incident to 𝑥𝑥 , we have a cycle is a graph in which each vertex 
has degree two. The girth of a graph 𝐺𝐺, denoted by 𝑔𝑔𝑔𝑔𝑔𝑔(𝐺𝐺), is 
the length of its shortest cycle, and if 𝐺𝐺 has no cycle, the girth 
is considered infinite. “The open neighborhood of a vertex 
𝑥𝑥 denoted by 𝑁𝑁(𝑥𝑥) which is the set of all vertices in 𝐺𝐺 that 
are adjacent to 𝑥𝑥, otherwise; the closed neighborhood of 𝑥𝑥 
denoted by 𝑁𝑁[𝑥𝑥], is defined as the union of the open 
neighborhood of 𝑥𝑥 and the vertex 𝑥𝑥 itself”.  The clique 
number of a graph 𝐺𝐺, is the maximum number of vertices in 
any clique of 𝐺𝐺, and denotes by 𝜔𝜔(𝐺𝐺).  A graph  𝐺𝐺 is said to 
be Eulerian if it contains a closed trail, that traverses every 
edge of the graph exactly once. A graph  𝐺𝐺 is said to be 
Hamiltonian if it contains a cycle, that passes each vertex of 
G exactly once. A graph in which all vertices are pairwise 
adjacent is called a complete graph and denotes by 𝐾𝐾𝑛𝑛, where 
𝑛𝑛 is the number of vertices. “A graph 𝐺𝐺 is called a k-partite 
graph if its vertex set 𝑉𝑉(𝐺𝐺) can be partitioned into 𝑘𝑘 mutually 
disjoint non-empty subsets 𝑉𝑉1,𝑉𝑉2, … ,𝑉𝑉𝑘𝑘, such that no edge 
connects two vertices within the same subset”. A spanning 
subgraph of 𝐺𝐺  is a subgraph containing all the vertices of 𝐺𝐺. 
A planar graph is a graph that can be embedded in the plane 
without edge crossings. The chromatic number of a graph G, 
denoted by 𝜒𝜒(𝐺𝐺), is the smallest number of distinct colors 
required to color the vertices of the graph. An independent 
dominating set in a graph, denoted as 𝛾𝛾(𝐺𝐺)  is a set of vertices 
that is both independent and dominating, that is; no two 
vertices in the set are adjacent, and every other vertex in the 
graph is either in the set or is adjacent to at least one vertex 
in the set [9]. For a simple connected graph G with vertex set 
V(G), let three vertices 𝑟𝑟, 𝑠𝑠, 𝑡𝑡 ∈ 𝑉𝑉(𝐺𝐺), if the shortest path 

distance 𝑑𝑑(𝑟𝑟, 𝑡𝑡) ≠ 𝑑𝑑(𝑠𝑠, 𝑡𝑡), then the vertex t is said to resolve 
the vertices 𝑟𝑟 and 𝑠𝑠 and a subset 𝑆𝑆 ⊆ 𝑉𝑉(𝐺𝐺) is said to be a 
resolving set of G if every pair of distinct vertices in G can 
be distinguished by at least one vertex from 𝑆𝑆 [6]. The metric 
dimension of G, denoted by 𝑀𝑀𝑑𝑑𝑑𝑑𝑑𝑑(𝐺𝐺), considered as the 
minimum cardinality of such a resolving set [6]. A ring R is 
said to be local ring if it has a unique maximal ideal of the 
ring. A ring R is called a reduced ring if it has no nonzero 
nilpotent elements. An element 𝑠𝑠 in a ring R with identity is 
called a unit if there exists an element 𝑢𝑢 ∈ 𝑅𝑅, such that 𝑢𝑢𝑢𝑢 =
𝑠𝑠𝑠𝑠 = 1, the group of units of R, is denoted by 𝑈𝑈(𝑅𝑅), see [4]. 
An element s of a ring R is said to be idempotent if satisfies 
the condition 𝑠𝑠2 = 𝑠𝑠, and the set of all idempotent elements 
denoted by 𝐼𝐼𝐼𝐼(𝑅𝑅). An element t in R is called tripotent if 
𝑡𝑡3 = 𝑡𝑡, and the set of all tripotent elements is denoted by 
Tri(R). Consider the tripotent elements are precisely 
{0,1,−1} in ℤ, and every idempotent is necessarily tripotent 
[10]. 

3. Algebraic Structure of Tripotent Element 
This section is inspected the tripotent element of 
commutative ring in several finite settings, with particular 
emphasis on the case where the ring is local and reduced.  

Lemma 3.1. For local ring 𝑅𝑅, then every nonzero tripotent 
element in R is a unit. 
Proof. Since 𝑅𝑅 is a local ring, then it has a unique maximal 
ideal such (𝑝𝑝) . Now let 𝑡𝑡 ∈ 𝑇𝑇𝑇𝑇𝑇𝑇(𝑅𝑅), then 𝑡𝑡3 = 𝑡𝑡 ,implies that 
𝑡𝑡(𝑡𝑡2 − 1) = 0, implies that either 𝑡𝑡 or 1 − 𝑡𝑡  has a unit, this 
lead 𝑡𝑡 = 0 which contracts. 

Lemma 3.2. Let 𝑅𝑅 ≅ 𝑍𝑍𝑝𝑝𝑝𝑝, where 𝑝𝑝 and 𝑟𝑟 are two distinct 
primes. Then: 
i. If 𝑝𝑝 = 2, then  𝑇𝑇𝑇𝑇𝑇𝑇(𝑅𝑅) = {0,1, 𝑟𝑟, 𝑟𝑟 + 1, 𝑟𝑟 − 1,2𝑟𝑟 − 1}. 
ii. If 𝑝𝑝 = 3, then  𝑇𝑇𝑇𝑇𝑇𝑇(𝑅𝑅) = {0,1, 𝑟𝑟, 2𝑟𝑟, 𝑟𝑟 + 1, 𝑟𝑟 − 1,2𝑟𝑟 −

1,2𝑟𝑟 + 1, 3𝑟𝑟 − 1}. 
Proof. i) Since  𝑅𝑅 ≅ 𝑍𝑍2𝑟𝑟, where 𝑟𝑟 is a prime integer. It possess 
𝑍𝑍2𝑟𝑟 ≅ 𝑍𝑍2 × 𝑍𝑍𝑟𝑟, and since 𝑔𝑔𝑔𝑔𝑔𝑔(2, 𝑟𝑟) = 1, then for every 𝑠𝑠 ∈
𝑇𝑇𝑇𝑇𝑇𝑇(𝑅𝑅) satisfies 𝑠𝑠3 ≡ 𝑠𝑠(𝑚𝑚𝑚𝑚𝑚𝑚 2𝑟𝑟). Thus, by CRT, we can 
solve the following equations: 

𝑠𝑠3 ≡ 𝑠𝑠(𝑚𝑚𝑚𝑚𝑚𝑚 2)…..(1) 
𝑠𝑠3 ≡ 𝑠𝑠(𝑚𝑚𝑚𝑚𝑚𝑚 𝑟𝑟)…..(2) 

Since, by  definition of tripotent element, it possesses 𝑠𝑠 ≡
0(𝑚𝑚𝑚𝑚𝑚𝑚 2) and 𝑠𝑠 ≡ 1(𝑚𝑚𝑚𝑚𝑚𝑚 2). For (1).  
Also , the tri-potent element of (2) is described by 𝑠𝑠 ≡
0(𝑚𝑚𝑚𝑚𝑚𝑚 𝑟𝑟) , 𝑠𝑠 ≡ 1(𝑚𝑚𝑚𝑚𝑚𝑚 𝑟𝑟), and 𝑠𝑠 ≡ 𝑟𝑟 − 1(𝑚𝑚𝑚𝑚𝑚𝑚 𝑟𝑟).  
Now, we concern the following cases: 
Case1. If 𝑠𝑠 ≡ 0(𝑚𝑚𝑚𝑚𝑚𝑚 𝑟𝑟), then 𝑠𝑠 = 𝑟𝑟𝑟𝑟, for 𝑘𝑘 ∈ ℤ+. Since by 
(1), we need to change 𝑘𝑘 ∈ 𝑇𝑇𝑇𝑇𝑇𝑇(ℤ2). So we obtain 𝑠𝑠 ≡
0(𝑚𝑚𝑚𝑚𝑚𝑚 2𝑟𝑟) and 𝑠𝑠 ≡ 𝑟𝑟(𝑚𝑚𝑚𝑚𝑚𝑚 2𝑟𝑟). 
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Case2. If 𝑠𝑠 ≡ 1(𝑚𝑚𝑚𝑚𝑚𝑚 𝑟𝑟), then 𝑠𝑠 = 1 + 𝑟𝑟𝑟𝑟, for 𝑘𝑘 ∈ ℤ+, since 
by (1) we take 𝑘𝑘 ∈ 𝑇𝑇𝑇𝑇𝑇𝑇(ℤ2). That is ; 𝑠𝑠 ≡ 1(𝑚𝑚𝑚𝑚𝑚𝑚 2𝑟𝑟) and 
𝑠𝑠 ≡ 𝑟𝑟 + 1(𝑚𝑚𝑚𝑚𝑚𝑚 2𝑟𝑟). 
Case3. If 𝑠𝑠 ≡ 𝑟𝑟 − 1(𝑚𝑚𝑚𝑚𝑚𝑚 𝑟𝑟), then 𝑠𝑠 = (𝑟𝑟 − 1) + 𝑟𝑟𝑟𝑟, for 
some 𝑘𝑘 ∈ ℤ+. By changing 𝑘𝑘 ∈ ℤ+ to 𝑘𝑘 ∈ 𝑇𝑇𝑇𝑇𝑇𝑇(ℤ2). We get   
𝑠𝑠 ≡ 𝑟𝑟 − 1(𝑚𝑚𝑚𝑚𝑚𝑚 2𝑟𝑟) and ; 𝑠𝑠 ≡ 2𝑟𝑟 − 1(𝑚𝑚𝑚𝑚𝑚𝑚 2𝑟𝑟).  
Hence 𝑇𝑇𝑇𝑇𝑇𝑇(𝑅𝑅) = {0,1, 𝑟𝑟, 𝑟𝑟 + 1, 𝑟𝑟 − 1,2𝑟𝑟 − 1}. 
ii). Now let 𝑅𝑅 ≅ 𝑍𝑍3𝑟𝑟, where 𝑟𝑟 is a prime integer, then 𝑍𝑍3𝑟𝑟 ≅
𝑍𝑍3 × 𝑍𝑍𝑟𝑟, and 𝑔𝑔𝑔𝑔𝑔𝑔(3, 𝑟𝑟) = 1, then for every 𝑠𝑠 ∈ 𝑇𝑇𝑇𝑇𝑇𝑇(𝑅𝑅), and 
it possesses 𝑠𝑠3 ≡ 𝑠𝑠(𝑚𝑚𝑚𝑚𝑚𝑚 3𝑟𝑟). Thus, by Chinese Remainder 
Theorem, we can solve the following equations: 
𝑠𝑠3 ≡ 𝑠𝑠(𝑚𝑚𝑚𝑚𝑚𝑚 3)…..(1) 
𝑠𝑠3 ≡ 𝑠𝑠(𝑚𝑚𝑚𝑚𝑚𝑚 𝑟𝑟)…..(2) 
Since, by  definition of tripotent element, it possesses 𝑠𝑠 ≡
0(𝑚𝑚𝑚𝑚𝑚𝑚 3) and 𝑠𝑠 ≡ 1(𝑚𝑚𝑚𝑚𝑚𝑚 3). 𝑠𝑠 ≡ 2(𝑚𝑚𝑚𝑚𝑚𝑚 3), For (1).  
Also , the tri-potent element of (2) is described by 𝑠𝑠 ≡
0(𝑚𝑚𝑚𝑚𝑚𝑚 𝑟𝑟) , 𝑠𝑠 ≡ 1(𝑚𝑚𝑚𝑚𝑚𝑚 𝑟𝑟), and 𝑠𝑠 ≡ 𝑟𝑟 − 1(𝑚𝑚𝑚𝑚𝑚𝑚 𝑟𝑟). Now, we 
concern the following cases: 
Case1. If 𝑠𝑠 ≡ 0(𝑚𝑚𝑚𝑚𝑚𝑚 𝑟𝑟), then 𝑠𝑠 = 𝑟𝑟𝑟𝑟, for 𝑘𝑘 ∈ ℤ+. Since by 
(1), we need to change 𝑘𝑘 ∈ 𝑇𝑇𝑇𝑇𝑇𝑇(ℤ3). So we obtain 𝑠𝑠 ≡
0(𝑚𝑚𝑚𝑚𝑚𝑚 3𝑟𝑟) , 𝑠𝑠 ≡ 𝑟𝑟(𝑚𝑚𝑚𝑚𝑚𝑚 3𝑟𝑟) and 𝑠𝑠 ≡ 2𝑟𝑟(𝑚𝑚𝑚𝑚𝑚𝑚 3𝑟𝑟). 
Case2. If 𝑠𝑠 ≡ 1(𝑚𝑚𝑚𝑚𝑚𝑚 𝑟𝑟), then 𝑠𝑠 = 1 + 𝑟𝑟𝑟𝑟, for 𝑘𝑘 ∈ ℤ+, since 
by (1) we take 𝑘𝑘 ∈ 𝑇𝑇𝑇𝑇𝑇𝑇(ℤ3). That is ; 𝑠𝑠 ≡ 1(𝑚𝑚𝑚𝑚𝑚𝑚 3𝑟𝑟), 𝑠𝑠 ≡
𝑟𝑟 + 1(𝑚𝑚𝑚𝑚𝑚𝑚 3𝑟𝑟) ,and 𝑠𝑠 ≡ 2𝑟𝑟 + 1(𝑚𝑚𝑚𝑚𝑚𝑚 3𝑟𝑟). 
Case3. If 𝑠𝑠 ≡ 𝑟𝑟 − 1(𝑚𝑚𝑚𝑚𝑚𝑚 𝑟𝑟), then 𝑠𝑠 = (𝑟𝑟 − 1) + 𝑟𝑟𝑟𝑟, for 
some 𝑘𝑘 ∈ ℤ+. By changing 𝑘𝑘 ∈ ℤ+ to 𝑘𝑘 ∈ 𝑇𝑇𝑇𝑇𝑇𝑇(ℤ3). We get   
𝑠𝑠 ≡ 𝑟𝑟 − 1(𝑚𝑚𝑚𝑚𝑚𝑚 3𝑟𝑟), 𝑠𝑠 ≡ 2𝑟𝑟 − 1(𝑚𝑚𝑚𝑚𝑚𝑚 3𝑟𝑟) and  𝑠𝑠 ≡ 3𝑟𝑟 −
1(𝑚𝑚𝑚𝑚𝑚𝑚 3𝑟𝑟). Hence  
𝑇𝑇𝑇𝑇𝑇𝑇(𝑅𝑅) = {0,1, 𝑟𝑟, 2𝑟𝑟, 𝑟𝑟 + 1, 𝑟𝑟 − 1,2𝑟𝑟 − 1,2𝑟𝑟 + 1, 3𝑟𝑟 − 1}. 

Lemma 3.3. Let 𝑅𝑅 ≅ 𝑍𝑍𝑝𝑝𝑝𝑝, where 𝑝𝑝 and 𝑟𝑟 are two distinct 
primes. Then ℳ(𝑅𝑅) = {𝑡𝑡: 2𝑡𝑡 ∈ 𝑇𝑇𝑇𝑇𝑇𝑇(𝑅𝑅)}, such that: 
i.If 𝑝𝑝 = 2, then |ℳ(𝑅𝑅)| = 6. 
ii.If 𝑝𝑝 = 3, then  |ℳ(𝑅𝑅)| = 9. 
Proof. Let  𝑅𝑅 ≅ 𝑍𝑍2𝑟𝑟, where 𝑟𝑟 is a prime integer. For every 
𝑠𝑠 ∈ 𝑇𝑇𝑇𝑇𝑇𝑇(𝑅𝑅), then 𝑠𝑠3 ≡ 𝑠𝑠(𝑚𝑚𝑚𝑚𝑚𝑚 2𝑟𝑟), we seek to find those 
elements such 𝑡𝑡 where 2𝑡𝑡 ∈ 𝑇𝑇𝑇𝑇𝑇𝑇(𝑅𝑅), since 𝑅𝑅 ≅ 𝑍𝑍2 × 𝑍𝑍𝑟𝑟, and 
we use Chinese Remainder Theorem to find the value of 𝑡𝑡, 
that is ; 

𝑡𝑡 ≡ 𝑎𝑎(𝑚𝑚𝑚𝑚𝑚𝑚 2) 
𝑡𝑡 ≡ 𝑏𝑏(𝑚𝑚𝑚𝑚𝑚𝑚 𝑟𝑟) 

Now, 𝑡𝑡 ≡ 𝑏𝑏(𝑚𝑚𝑚𝑚𝑚𝑚 𝑟𝑟), then 𝑡𝑡 = 𝑏𝑏 + 𝑟𝑟𝑟𝑟 where 𝑘𝑘 ∈ ℤ+, since 
by [5, Lemma 4.1(i)], we take 𝑘𝑘 ∈  𝑀𝑀(ℤ2). Thus,  
If 𝑘𝑘 = 0, it possesses 𝑡𝑡 ≡ 𝑏𝑏(𝑚𝑚𝑚𝑚𝑚𝑚 2𝑟𝑟). 
If 𝑘𝑘 = 1, it possesses 𝑡𝑡 ≡ 𝑏𝑏 + 𝑟𝑟(𝑚𝑚𝑚𝑚𝑚𝑚 2𝑟𝑟). 
It possesses the following cases: 
Case 1. If 𝑡𝑡 ≡ 0(𝑚𝑚𝑚𝑚𝑚𝑚 𝑟𝑟), then 𝑡𝑡 ≡ 0(𝑚𝑚𝑚𝑚𝑚𝑚 2𝑟𝑟), and 𝑡𝑡 ≡
𝑟𝑟(𝑚𝑚𝑚𝑚𝑚𝑚 2𝑟𝑟). 

Case 2. If 𝑡𝑡 ≡ 𝑟𝑟+1
2

(𝑚𝑚𝑚𝑚𝑚𝑚 𝑟𝑟), then If 𝑡𝑡 ≡ 𝑟𝑟+1
2

(𝑚𝑚𝑚𝑚𝑚𝑚 2𝑟𝑟), and  

𝑡𝑡 ≡ 3𝑟𝑟+1
2

(𝑚𝑚𝑚𝑚𝑚𝑚 2𝑟𝑟). 

Case 3. If 𝑡𝑡 ≡ 𝑟𝑟−1
2

(𝑚𝑚𝑚𝑚𝑚𝑚 𝑟𝑟), then If 𝑡𝑡 ≡ 𝑟𝑟−1
2

(𝑚𝑚𝑚𝑚𝑚𝑚 2𝑟𝑟), and  

𝑡𝑡 ≡ 3𝑟𝑟−1
2

(𝑚𝑚𝑚𝑚𝑚𝑚 2𝑟𝑟). 

Thus, 𝑀𝑀(𝑅𝑅) = �0, 𝑟𝑟, 𝑟𝑟+1
2

, 𝑟𝑟−1
2

3𝑟𝑟+1
2

, 3𝑟𝑟−1
2

 � ,𝑎𝑎𝑎𝑎𝑎𝑎 |𝑀𝑀(𝑅𝑅)| = 6. 
ii) Let  𝑅𝑅 ≅ 𝑍𝑍3𝑟𝑟, where 𝑟𝑟 is a prime integer. For every 𝑠𝑠 ∈
𝑇𝑇𝑇𝑇𝑇𝑇(𝑅𝑅), then 𝑠𝑠3 ≡ 𝑠𝑠(𝑚𝑚𝑚𝑚𝑚𝑚 3𝑟𝑟), we seek to find those 
elements such 𝑡𝑡 where 2𝑡𝑡 ∈ 𝑇𝑇𝑇𝑇𝑇𝑇(𝑅𝑅), since 𝑅𝑅 ≅ 𝑍𝑍3 × 𝑍𝑍𝑟𝑟, and 
we use Chinese Remainder Theorem to find the value of 𝑡𝑡, 
that is ; 𝑡𝑡 ≡ 𝑎𝑎(𝑚𝑚𝑚𝑚𝑚𝑚 3) 

𝑡𝑡 ≡ 𝑏𝑏(𝑚𝑚𝑚𝑚𝑚𝑚 𝑟𝑟) 
Now, 𝑡𝑡 ≡ 𝑏𝑏(𝑚𝑚𝑚𝑚𝑚𝑚 𝑟𝑟), then 𝑡𝑡 = 𝑏𝑏 + 𝑟𝑟𝑟𝑟 where 𝑘𝑘 ∈ ℤ+, since 
by [5, Lemma 4.1(ii)], we take 𝑘𝑘 ∈  𝑀𝑀(ℤ3). Thus,  
If 𝑘𝑘 = 0, it possesses 𝑡𝑡 ≡ 𝑏𝑏(𝑚𝑚𝑚𝑚𝑚𝑚 3𝑟𝑟). 
If 𝑘𝑘 = 1, it possesses 𝑡𝑡 ≡ 𝑏𝑏 + 𝑟𝑟(𝑚𝑚𝑚𝑚𝑚𝑚 3𝑟𝑟). 
If 𝑘𝑘 = 2, it possesses 𝑡𝑡 ≡ 𝑏𝑏 + 2𝑟𝑟(𝑚𝑚𝑚𝑚𝑚𝑚 3𝑟𝑟). 
It possesses the following cases: 
Case 1. If 𝑡𝑡 ≡ 0(𝑚𝑚𝑚𝑚𝑚𝑚 𝑟𝑟), then 𝑡𝑡 ≡ 0(𝑚𝑚𝑚𝑚𝑚𝑚 3𝑟𝑟), 𝑡𝑡 ≡
𝑟𝑟(𝑚𝑚𝑚𝑚𝑚𝑚 3𝑟𝑟), and 𝑡𝑡 ≡ 2𝑟𝑟(𝑚𝑚𝑚𝑚𝑚𝑚 3𝑟𝑟). 
Case 2. If 𝑡𝑡 ≡ 𝑟𝑟+1

2
(𝑚𝑚𝑚𝑚𝑚𝑚 𝑟𝑟), then  𝑡𝑡 ≡ 𝑟𝑟+1

2
(𝑚𝑚𝑚𝑚𝑚𝑚 3𝑟𝑟),  𝑡𝑡 ≡

3𝑟𝑟+1
2

(𝑚𝑚𝑚𝑚𝑚𝑚 3𝑟𝑟), and  𝑡𝑡 ≡ 5𝑟𝑟+1
2

(𝑚𝑚𝑚𝑚𝑚𝑚 3𝑟𝑟). 

Case 3 If 𝑡𝑡 ≡ 𝑟𝑟−1
2

(𝑚𝑚𝑚𝑚𝑚𝑚 𝑟𝑟), then  𝑡𝑡 ≡ 𝑟𝑟−1
2

(𝑚𝑚𝑚𝑚𝑚𝑚 3𝑟𝑟),  𝑡𝑡 ≡
3𝑟𝑟−1
2

(𝑚𝑚𝑚𝑚𝑚𝑚 3𝑟𝑟), and  𝑡𝑡 ≡ 5𝑟𝑟−1
2

(𝑚𝑚𝑚𝑚𝑚𝑚 3𝑟𝑟). 

Thus, 𝑀𝑀(𝑅𝑅) = �0, 𝑟𝑟, 2𝑟𝑟, 𝑟𝑟+1
2

, 𝑟𝑟−1
2

, 3𝑟𝑟+1
2

, 3𝑟𝑟−1
2

, 5𝑟𝑟+1
2

, 5𝑟𝑟−1
2

 �, 

and  |𝑀𝑀(𝑅𝑅)| = 9. 

4. Structure of Tripotent graph of Commutative 
Rings 
In this section, we explore the interplay between algebra and 
graph theory, which has become an important theme in 
modern mathematics. Graphs offer an effective framework 
for representing and analyzing the elements of rings. We 
begin by viewing the definition of the tripotent graph of a 
commutative ring, followed by several illustrative examples. 
These examples highlight the distinctive structural features 
and properties that arise in certain classes of local and 
reduced rings. 

Definition 4.1. [5] For a ring R, define the tripotent graph as 
a graph with the set of vertices as the element of R, and for 
every two elements 𝑠𝑠 and 𝑡𝑡 in 𝑅𝑅 they are adjacent if 𝑠𝑠 + 𝑡𝑡 is 
a tripotent element and this graph denoted by 𝑇𝑇𝑇𝑇(𝑅𝑅). 

Example 4.2. In Figure1, we provide some examples of 
tripotent graph of commutative rings. 
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Remark 4.3. Consider the Table 1, which presents the 
properties of 𝑇𝑇𝑇𝑇(𝑅𝑅). 
 
Table 1. Properties of  𝑇𝑇𝑇𝑇(𝑅𝑅). 
V(𝑇𝑇𝑇𝑇(𝑅𝑅)) Type of  ring 𝑅𝑅 𝑇𝑇𝑇𝑇(𝑅𝑅) 

2 

3 

4 

5 

6 

8 

10 
 

𝑍𝑍2 

𝑍𝑍3 

𝑍𝑍4 or 𝑍𝑍2[𝑥𝑥]/(𝑥𝑥2) 

𝑍𝑍5 

𝑍𝑍6 

𝑍𝑍8 

𝑍𝑍10 

𝐾𝐾2 

𝐶𝐶3 

𝐾𝐾1 + 𝑃𝑃3 

Figure 1.a 
 

𝐾𝐾6 

Figure 1.b  
 
Figure 1.c 

 
Proposition 4.4. Let 𝑅𝑅 ≅ 𝑍𝑍𝑤𝑤 , where 𝑤𝑤 = 𝑝𝑝𝛼𝛼, 𝛼𝛼 ∈ ℤ+ with 

𝑝𝑝 ≥ 3, and 𝑅𝑅 has only nonzero tripotent elements, then 
𝑇𝑇𝑇𝑇(𝑅𝑅) is a path graph.  
Proof.  Let  𝑅𝑅 ≅ 𝑍𝑍𝑤𝑤  , where 𝑤𝑤 = 𝑝𝑝𝛼𝛼, 𝛼𝛼 ∈ ℤ+ with 𝑝𝑝 ≥ 3, 
then 𝑇𝑇𝑇𝑇𝑇𝑇(𝑅𝑅) = {1,−1}. Now for two distinct vertices 𝑡𝑡1, 𝑡𝑡2 ∈
𝑇𝑇𝑇𝑇(𝑅𝑅), then 𝑡𝑡1 + 𝑡𝑡2 ∈ 𝑇𝑇𝑇𝑇𝑇𝑇(𝑅𝑅), either 𝑡𝑡1 + 𝑡𝑡2 = 1 or 𝑡𝑡1 +
𝑡𝑡2 = −1, therefore we obtain the path  (𝑤𝑤 + 1) 2⁄ − ∙ ∙  ∙
−(𝑤𝑤 − 2) − 1 − 0 − (𝑤𝑤 − 1) − 2 −∙ ∙ ∙ − (𝑤𝑤 − 1) 2⁄ , such 
that (𝑤𝑤 + 1) 2⁄ + (𝑤𝑤 − 1) 2⁄ = 0, and since 0 ∉ 𝑇𝑇𝑇𝑇𝑇𝑇(𝑅𝑅), it 
follows that (𝑤𝑤 + 1) 2⁄ + (𝑤𝑤 − 1) 2⁄ ∉  𝑇𝑇𝑇𝑇(𝑅𝑅). Thus 
𝑇𝑇𝑇𝑇(𝑅𝑅) is a path graph. 

Proposition 4.5. For local ring 𝑅𝑅 with (𝑝𝑝)𝑖𝑖 = (0), where 𝑝𝑝 
is a prime integer. If 𝑅𝑅 has nonzero tripotent elements, then 
𝑇𝑇𝑇𝑇(𝑅𝑅) is a spanning subgraph of 𝐺𝐺𝑢𝑢(𝑅𝑅).  
Proof. For two distinct vertices 𝑡𝑡1, 𝑡𝑡2 ∈ 𝑇𝑇𝑇𝑇(𝑅𝑅), it possesses   
𝑡𝑡1 + 𝑡𝑡2 = 𝑡𝑡 ∈ 𝑇𝑇𝑇𝑇𝑇𝑇(𝑅𝑅), by Lemma 3.1, yields 𝑡𝑡3 = 𝑡𝑡 ∈ 𝑈𝑈(𝑅𝑅). 
Thus 𝑡𝑡1 + 𝑡𝑡2 ∈ 𝑈𝑈(𝑅𝑅). Hence 𝑇𝑇𝑇𝑇(𝑅𝑅) is a spanning subgraph 
of 𝑈𝑈𝐺𝐺(𝑅𝑅). 

Proposition 4.6. For local ring 𝑅𝑅 with (𝑝𝑝)𝑖𝑖 = (0), where 𝑝𝑝 
is a prime integer. If 𝑅𝑅 has nonzero tripotent elements, then 
𝑇𝑇𝑇𝑇(𝑅𝑅) is a spanning subgraph of 𝐶𝐶𝐶𝐶𝐺𝐺(𝑅𝑅). 
Proof. For two distinct vertices 𝑡𝑡1, 𝑡𝑡2 ∈ 𝑇𝑇𝑇𝑇(𝑅𝑅), it possesses   
𝑡𝑡1 + 𝑡𝑡2 ∈ 𝑇𝑇𝑇𝑇𝑇𝑇(𝑅𝑅), since every idempotent element is also a 
tripotent element, therefore 𝑡𝑡1 + 𝑡𝑡2 ∈ 𝐼𝐼𝐼𝐼(𝑅𝑅).  Also, by 
Lemma 3.1, we obtain 𝑡𝑡1 + 𝑡𝑡2 ∈ 𝑈𝑈(𝑅𝑅). Hence, 𝑡𝑡1 + 𝑡𝑡2 ∈
𝐼𝐼𝐼𝐼(𝑅𝑅) ∪ 𝑈𝑈(𝑅𝑅). Thus, 𝑡𝑡1 + 𝑡𝑡2 ∈ 𝐶𝐶𝐶𝐶𝐺𝐺(𝑅𝑅). Therefore, 𝑇𝑇𝑇𝑇(𝑅𝑅) is 
a spanning subgraph of 𝐶𝐶𝐶𝐶𝐺𝐺(𝑅𝑅). 

Proposition 4.7.  For local ring 𝑅𝑅, then 𝑇𝑇𝑇𝑇(𝑅𝑅) is a 
Hamiltonian graph. 
Proof. Suppose that 𝑇𝑇𝑇𝑇(𝑅𝑅) is a connected graph, for any two 
distinct vertices 𝑡𝑡1 and 𝑡𝑡2, such that 𝑡𝑡1 + 𝑡𝑡2 ∈ 𝑇𝑇𝑇𝑇𝑇𝑇(𝑅𝑅). Now 
we need to find a cycle which contains every vertices of 
𝑇𝑇𝑇𝑇(𝑅𝑅).  Consider the cycle such 0 − (𝑟𝑟 − 1) − 2 − (𝑟𝑟 −
3) − 4 − (𝑟𝑟 − 5) − 6 −⋯− (1) − 0,  which represents to 
𝐶𝐶𝑟𝑟 where 𝐶𝐶ℎ𝑎𝑎𝑎𝑎(𝑅𝑅) = 𝑟𝑟. Thus is Hamiltonian graph. 
 
Proposition 4.8. For a ring 𝑅𝑅, then 𝑇𝑇𝑇𝑇(𝑅𝑅) is not Eulerian 
graph. 
Proof: Let 𝑇𝑇𝑇𝑇(𝑅𝑅) be a connected graph and let 𝑡𝑡𝑖𝑖 are vertices 
in 𝑇𝑇𝑇𝑇(𝑅𝑅). If 2𝑡𝑡𝑖𝑖 ∈ 𝑇𝑇𝑇𝑇𝑇𝑇(𝑅𝑅), then deg(𝑡𝑡𝑖𝑖) = |𝑇𝑇𝑇𝑇𝑇𝑇(𝑅𝑅)| − 1,  by 
[5, Lemma 3.5],  that is deg(𝑡𝑡𝑖𝑖) is an even. However, if  2𝑡𝑡𝑖𝑖 ∉
𝑇𝑇𝑇𝑇𝑇𝑇(𝑅𝑅), then deg(𝑡𝑡𝑖𝑖) = |𝑇𝑇𝑇𝑇𝑇𝑇(𝑅𝑅)|, and its odd. Hence 𝑇𝑇𝑇𝑇(𝑅𝑅) 
is not Eulerian graph. 

 
Theorem 4.9. For local ring 𝑅𝑅, then: 
i. If 𝑇𝑇𝑇𝑇(𝑅𝑅) is planar, then 𝑀𝑀𝑑𝑑𝑑𝑑𝑑𝑑 (𝑇𝑇𝑇𝑇(𝑅𝑅)) = 2. 

Figure 1. Tripotent Graph of Commutative Rings.  

 
1.a   𝑇𝑇𝑇𝑇(𝑍𝑍5) 

1.b   𝑇𝑇𝑇𝑇(𝑍𝑍8) 
 

1.c   𝑇𝑇𝑇𝑇(𝑍𝑍10) 
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ii. If  𝑅𝑅 ≅ 𝑍𝑍𝑟𝑟 , where 𝑟𝑟 = 2𝛼𝛼, 𝛼𝛼 ≥ 4. Then 𝑀𝑀𝑑𝑑𝑑𝑑𝑑𝑑 (𝑇𝑇𝑇𝑇(𝑅𝑅)) =
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇(𝑅𝑅)) + 1. 

Proof. i. Let 𝑇𝑇𝑇𝑇(𝑅𝑅) be a tripotent graph of a ring 𝑅𝑅 , where 
𝑅𝑅 ≅ 𝑍𝑍𝑝𝑝𝛼𝛼  ,  𝑤𝑤𝑤𝑤𝑤𝑤ℎ 𝑝𝑝 ≥ 3 𝑎𝑎𝑎𝑎𝑎𝑎 𝛼𝛼 ∈ ℤ+ . Suppose that 𝑆𝑆 =
{𝑠𝑠1, 𝑠𝑠2} be a resolving set of  𝑉𝑉�𝑇𝑇𝑇𝑇(𝑅𝑅)� such that 𝑠𝑠1 ∈ 𝑉𝑉2 and 

𝑠𝑠2 ∈ 𝑉𝑉3, where 𝑉𝑉2 = �1,2, . . , 𝑟𝑟−1
2
� and 𝑉𝑉3 = �𝑟𝑟+1

2
, … , 𝑟𝑟 − 1�, 

by according to [5,𝑇𝑇ℎ𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 4.3 ]. Now, for every two 
distinct vertices such 𝑡𝑡𝑖𝑖 and 𝑡𝑡𝑗𝑗 in 𝑉𝑉�𝑇𝑇𝑇𝑇(𝑅𝑅)�, then 𝑑𝑑(𝑡𝑡𝑖𝑖 , 𝑠𝑠1) ≠
𝑑𝑑�𝑡𝑡𝑗𝑗 , 𝑠𝑠1� and 𝑑𝑑(𝑡𝑡𝑖𝑖 , 𝑠𝑠2) ≠ 𝑑𝑑�𝑡𝑡𝑗𝑗 , 𝑠𝑠2�. Thus  𝜓𝜓(𝑡𝑡𝑖𝑖|𝑆𝑆) ≠ 𝜓𝜓�𝑡𝑡𝑗𝑗|𝑆𝑆�. 
Next, we demonstrate to show that 𝑆𝑆 is a minimum   resolving 
set. Assume that 𝑆𝑆 = {𝑠𝑠}, then there exist two distinct 
vertices as 𝑡𝑡𝑖𝑖  and 𝑡𝑡𝑗𝑗 in 𝑉𝑉�𝑇𝑇𝑇𝑇(𝑅𝑅)�, such that 𝑑𝑑(𝑡𝑡𝑖𝑖 , 𝑠𝑠) =
𝑑𝑑�𝑡𝑡𝑗𝑗 , 𝑠𝑠�, implies that 𝜓𝜓(𝑡𝑡𝑖𝑖|𝑆𝑆) = 𝜓𝜓�𝑡𝑡𝑗𝑗|𝑆𝑆�.  Hence 𝑆𝑆 = {𝑠𝑠1, 𝑠𝑠2} 
is a minimum resolving set of 𝑇𝑇𝑇𝑇(𝑅𝑅). Thus |𝑆𝑆| = 2 =
𝑀𝑀𝑑𝑑𝑑𝑑𝑑𝑑 (𝑇𝑇𝑇𝑇(𝑅𝑅)). 
ii. Let 𝑇𝑇𝑇𝑇(𝑅𝑅) be a tripotent graph of a ring 𝑅𝑅 , where 𝑅𝑅 ≅
𝑍𝑍2𝛼𝛼   and 𝛼𝛼 ≥ 4. Suppose the resolving set 𝑆𝑆 ⊆ 𝑉𝑉�𝑇𝑇𝑇𝑇(𝑅𝑅)� 
and 𝑆𝑆 = {𝑠𝑠0, 𝑠𝑠1, … , 𝑠𝑠𝑘𝑘}, where 0 ≤ 𝑘𝑘 ≤ 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇(𝑅𝑅)). Now, 
for every two distinct vertices 𝑡𝑡𝑖𝑖 and 𝑡𝑡𝑗𝑗 in 𝑉𝑉�𝑇𝑇𝑇𝑇(𝑅𝑅)�, then 
𝜓𝜓(𝑡𝑡𝑖𝑖|𝑆𝑆) ≠ 𝜓𝜓�𝑡𝑡𝑗𝑗|𝑆𝑆�, therefore 𝑆𝑆 is a resolving set of 𝑇𝑇𝑇𝑇(𝑅𝑅). 
Next ,it possesses to show that 𝑆𝑆 is a minimum resolving set 
of 𝑇𝑇𝑇𝑇(𝑅𝑅), assume that 1 ≤ 𝑘𝑘 ≤ 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇(𝑅𝑅)), see [5, 
Theorem 3.7 ]., then there exists 𝑖𝑖 ≠ 𝑗𝑗 which is 𝑡𝑡𝑖𝑖 = 𝑡𝑡𝑗𝑗 such 
that 𝑖𝑖 = 2𝛼𝛼−2 and 𝑗𝑗 = 3 ∙ 2𝛼𝛼−2. Thus 𝜓𝜓(𝑡𝑡𝑖𝑖|𝑆𝑆) = 𝜓𝜓�𝑡𝑡𝑗𝑗|𝑆𝑆�. 
Hence 𝑆𝑆 = {0,1,2, … , 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇(𝑅𝑅))} is a minimum 
resolving set of 𝑇𝑇𝑇𝑇(𝑅𝑅) with |𝑆𝑆| = 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇(𝑅𝑅)) + 1 and 
𝑀𝑀dim(𝑇𝑇𝑇𝑇(𝑅𝑅)) = 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇(𝑅𝑅)) + 1. 

Remark 4.10. If  𝑅𝑅 ≅ 𝑍𝑍𝑟𝑟  , where 𝑟𝑟 = 2𝛼𝛼, 𝛼𝛼 = 3. Then 
dim(𝑇𝑇𝑇𝑇(𝑅𝑅)) = 2𝛼𝛼−1 =4 , as the Example. 

Example 4.11. Suppose that 𝑆𝑆 = {0,1,2,3} is a resolving set 
and the graph 𝑇𝑇𝑇𝑇(𝑅𝑅) shown in Figure 1.b is given. We 
compute the metric representation of all vertices with respect 
to 𝑆𝑆: 
𝜓𝜓(𝑡𝑡𝑖𝑖\𝑆𝑆) = �𝑑𝑑(𝑡𝑡𝑖𝑖 , 0),𝑑𝑑(𝑡𝑡𝑖𝑖 , 1), (𝑡𝑡𝑖𝑖 , 2),𝑑𝑑(𝑡𝑡𝑖𝑖 , 3)� 
𝜓𝜓(0\𝑠𝑠𝑖𝑖) = (0,1,2,1), 
𝜓𝜓(1\𝑠𝑠𝑖𝑖) = (1,0,1,2), 
𝜓𝜓(2\𝑠𝑠𝑖𝑖) = (2,1,0,1), 
𝜓𝜓(3\𝑠𝑠𝑖𝑖) = (1,2,1,0), 
𝜓𝜓(4\𝑠𝑠𝑖𝑖) = (2,1,2,1), 
𝜓𝜓(5\𝑠𝑠𝑖𝑖) = (1,2,1,1), 
𝜓𝜓(6\𝑠𝑠𝑖𝑖) = (2,1,1,1), 
𝜓𝜓(7\𝑠𝑠𝑖𝑖) = (1,1,1,2). 
We see that 𝜓𝜓(𝑡𝑡𝑖𝑖\𝑆𝑆) ≠ 𝜓𝜓�𝑡𝑡𝑗𝑗\𝑆𝑆�  for all 𝑖𝑖 ≠ 𝑗𝑗, and hence 𝑆𝑆 is  
a minimum resolving set. Therefore, 𝑀𝑀𝑑𝑑𝑑𝑑𝑑𝑑 (𝑇𝑇𝑇𝑇(𝑅𝑅)) = 2𝛼𝛼−1. 

5. Structure of Tripotent graph of Reduced 
Rings 
In this section, we study the tripotent graph associated with a 
finite reduced ring, especially when 𝑅𝑅  isomorphic direct 
product two fields. We first determine the order of the tri-
potent graph and show that both its clique number and 
chromatic number, which equals 4 or 6, are governed by the 
underlying texture of the ring. We then demonstrate that the 
tri-potent graph is a 4-partite graph and computes its 
independent domination number, which is equal to 𝑟𝑟 − 2, 
where 𝑟𝑟 is a prime number greater than 3. Finally, we analyze 
the metric dimension of the tripotent graph and prove that it 
is equal to 𝑟𝑟 for any prime 𝑟𝑟 > 3. 

Proposition 5.1. Let 𝑅𝑅 be a ring, and let  𝑅𝑅 ≅ 𝑍𝑍𝑝𝑝𝑝𝑝, where 
𝑝𝑝 and 𝑟𝑟 are two distinct primes with 𝑝𝑝 < 𝑟𝑟. Then 
𝑚𝑚 (𝑇𝑇𝑇𝑇(𝑅𝑅))

= �
3(𝑟𝑟 − 1),   𝑖𝑖𝑖𝑖 𝑅𝑅 ≅ 𝑍𝑍2𝑟𝑟,𝑤𝑤ℎ𝑒𝑒𝑒𝑒𝑒𝑒 𝑟𝑟 > 3 𝑖𝑖𝑖𝑖 𝑎𝑎 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖.
9(𝑟𝑟 − 1)

2
              𝑖𝑖𝑖𝑖 𝑅𝑅 ≅ 𝑍𝑍3𝑟𝑟, 𝑓𝑓𝑓𝑓𝑓𝑓 𝑟𝑟 𝑖𝑖𝑖𝑖 𝑎𝑎 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖.

 

Proof.  Since every edge in a graph is incident to exactly two 
vertices, the total number of edges in 𝑇𝑇𝑇𝑇(𝑅𝑅) can be expressed 
as 𝑚𝑚�𝑇𝑇𝑇𝑇(𝑅𝑅)� = ∑ 𝑑𝑑𝑑𝑑𝑑𝑑(𝑣𝑣𝑖𝑖)𝑟𝑟

𝑖𝑖=1 2⁄  , then by [5, Lemma 3.5], 
it possesses,  𝑑𝑑𝑑𝑑𝑑𝑑(𝑣𝑣𝑖𝑖) =  |𝑇𝑇𝑇𝑇𝑇𝑇(𝑅𝑅)| − 1 or   𝑑𝑑𝑑𝑑𝑑𝑑(𝑣𝑣𝑖𝑖) =
 |𝑇𝑇𝑇𝑇𝑇𝑇(𝑅𝑅)|, 𝑡𝑡ℎ𝑎𝑎𝑎𝑎 𝑖𝑖𝑖𝑖: 

𝑚𝑚�𝑇𝑇𝑇𝑇(𝑅𝑅)� = �� (|𝑇𝑇𝑇𝑇𝑇𝑇(𝑅𝑅)| − 1)
𝑘𝑘

𝑖𝑖=1
+ � (|𝑇𝑇𝑇𝑇𝑇𝑇(𝑅𝑅)|)

|𝑅𝑅|

𝑖𝑖=𝑘𝑘+1

� 2�  

Now, put 𝑘𝑘 = |ℳ(𝑅𝑅)|, which defines in Lemma 3.3, it 
possesses two following cases: 
i.For  |𝑇𝑇𝑇𝑇𝑇𝑇(𝑅𝑅)| = 6, and |𝑅𝑅| = 𝑟𝑟, so it possesses 
𝑚𝑚(𝑇𝑇𝑇𝑇(𝑅𝑅)) 

= �� (6 − 1)
6

𝑖𝑖=1
+ � 6

𝑟𝑟

𝑖𝑖=7

� 2�  

= �� 6
6

𝑖𝑖=1
−�1 + � 6

𝑟𝑟

𝑖𝑖=7

6

𝑖𝑖=1

� 2�  

= �� 6
𝑟𝑟

𝑖𝑖=1
−� 1

6

𝑖𝑖=1
� 2�  

Thus,  𝑚𝑚(𝑇𝑇𝑇𝑇(𝑅𝑅)) = 6r−6
2

 =3(𝑟𝑟 − 1). 
ii.If 𝑘𝑘 = 9, then |𝑇𝑇𝑇𝑇𝑇𝑇(𝑅𝑅)| = 9, 𝑠𝑠𝑠𝑠  
𝑚𝑚(𝑇𝑇𝑇𝑇(𝑅𝑅)) 

= �� (9 − 1)
9

𝑖𝑖=1
+ � 9

𝑟𝑟

𝑖𝑖=10

� 2�  

= �� 9
9

𝑖𝑖=1
−�1 + � 9

𝑟𝑟

𝑖𝑖=10

9

𝑖𝑖=1

� 2�  



Al-Rafidain Journal of Computer Sciences and Mathematics (RJCSM), Vol. 20, No. 1, 2026 (107-114)  

112 
 

= �� 9
𝑟𝑟

𝑖𝑖=1
−� 1

9

𝑖𝑖=1
� 2�  

Thus,  𝑚𝑚(𝑇𝑇𝑇𝑇(𝑅𝑅)) = 9(𝑟𝑟−1)
2

 . 

Theorem 5.2 For a ring 𝑅𝑅, then 𝑇𝑇𝑇𝑇(𝑅𝑅) is connected and  
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑�𝑇𝑇𝑇𝑇(𝑅𝑅)�

=

⎩
⎪⎪
⎨

⎪⎪
⎧�

2𝑟𝑟
⌈ℳ(𝑅𝑅)⌉ − 1

�    𝑖𝑖𝑖𝑖 𝑅𝑅 ≅ 𝑍𝑍2𝑟𝑟,𝑤𝑤ℎ𝑒𝑒𝑒𝑒𝑒𝑒 𝑟𝑟 > 2 𝑖𝑖𝑖𝑖 𝑎𝑎 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖.

�
3𝑟𝑟

⌈ℳ(𝑅𝑅)⌉ − 1
�     𝑖𝑖𝑖𝑖 𝑅𝑅 ≅ 𝑍𝑍3𝑟𝑟,𝑤𝑤ℎ𝑒𝑒𝑒𝑒𝑒𝑒 𝑟𝑟 > 3 𝑖𝑖𝑖𝑖 𝑎𝑎 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖.

 

Proof. Let 𝑡𝑡1and 𝑡𝑡2 be two distinct vertices in 𝑇𝑇𝑇𝑇(𝑅𝑅).  If 𝑡𝑡1 +
𝑡𝑡2 equals only the trivial tripotent element of 𝑅𝑅, then 𝑇𝑇𝑇𝑇(𝑅𝑅) 
is disconnected, since at least one component—such as the 
subgraph where 0 is adjacent to 1.  Conversely, if 𝑡𝑡1 + 𝑡𝑡2 ∈
𝑇𝑇𝑇𝑇𝑇𝑇(𝑅𝑅), then there exists a path connecting 0 and  𝑡𝑡1of the 
form  0 − 𝑦𝑦1 − 𝑦𝑦2 − ⋯− 𝑦𝑦𝑛𝑛 − 𝑡𝑡1, for some vertices 𝑦𝑦𝑖𝑖, 
where the path length is even and satisfies 0 + 𝑡𝑡1 ∈  𝑇𝑇𝑇𝑇𝑇𝑇(𝑅𝑅). 
Hence, 𝑇𝑇𝑇𝑇(𝑅𝑅) is connected. 
Now, consider the previous cases to determine 
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑�𝑇𝑇𝑇𝑇(𝑅𝑅)� as 
Case 1. Let 𝑡𝑡1, 𝑡𝑡2 ∈  𝑅𝑅.. If 𝑡𝑡1 + 𝑡𝑡2 ∈ 𝑇𝑇𝑇𝑇𝑇𝑇(𝑅𝑅), then 𝑡𝑡1and 𝑡𝑡2are 
adjacent, which gives a direct path 𝑡𝑡1 − 𝑡𝑡2. Hence,  

𝑑𝑑(𝑡𝑡1, 𝑡𝑡2)  =  1, 
and therefore, 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑�𝑇𝑇𝑇𝑇(𝑅𝑅)� = 1. 
Case 2. Let 𝑡𝑡1, 𝑡𝑡2 ∈  𝑅𝑅. If 𝑡𝑡1 + 𝑡𝑡2 ∉ 𝑇𝑇𝑇𝑇𝑇𝑇(𝑅𝑅), then there exist 
elements 𝑎𝑎1,𝑎𝑎2, … ,𝑎𝑎𝑛𝑛  ∈  𝑅𝑅 such that a path of the form 𝑡𝑡1  −
 𝑎𝑎1  −  𝑡𝑡2 exists, implying that 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑�𝑇𝑇𝑇𝑇(𝑅𝑅)� = 2.  
However, if 𝑡𝑡1 +  𝑎𝑎1  ∉ 𝑇𝑇𝑇𝑇𝑇𝑇(𝑅𝑅), then an additional vertex 
𝑎𝑎𝑖𝑖  ∈  𝑅𝑅 can be found to extend the path, giving 𝑎𝑎1 −
 𝑎𝑎2,−⋯− 𝑎𝑎𝑛𝑛 − 𝑡𝑡2. Thus, to determine the diameter 
precisely, we proceed to examine the following 
specific subcases. 
i. If 𝑅𝑅 ≅ 𝑍𝑍2𝑟𝑟 , then 𝑑𝑑(0, 𝑟𝑟−1

2
) = 𝑑𝑑(0, 𝑟𝑟+1

2
) = 𝑑𝑑(0, 𝑟𝑟 −

𝑟𝑟−1
2

) = 𝑑𝑑(0, 𝑟𝑟 − 𝑟𝑟+1
2

), that is 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇(𝑅𝑅))  =

� 2𝑟𝑟
⌈ℳ(𝑅𝑅)⌉−1

�. 

ii. If 𝑅𝑅 ≅ 𝑍𝑍3𝑟𝑟, then 𝑑𝑑(0, 𝑟𝑟−1
2

) = 𝑑𝑑(0, 𝑟𝑟+1
2

) = 𝑑𝑑(0, 3𝑟𝑟−1
2

) =

𝑑𝑑(0, 3𝑟𝑟+1
2

) = 𝑑𝑑(0, 𝑟𝑟 − 𝑟𝑟−1
2

) = 𝑑𝑑(0, 𝑟𝑟 − 𝑟𝑟+1
2

), that 

is  𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇(𝑅𝑅))  =  � 3𝑟𝑟
⌈ℳ(𝑅𝑅)⌉−1

�. 

Theorem 5.3. If 𝑅𝑅 ≅ 𝑍𝑍𝑝𝑝𝑝𝑝, where 𝑝𝑝 and 𝑟𝑟 are two distinct 
primes, and 𝑝𝑝 < 𝑟𝑟.  Then: 
i. If 𝑝𝑝 = 2, then 𝜔𝜔(𝑇𝑇𝑇𝑇(𝑅𝑅)) = 𝜒𝜒(𝑇𝑇𝑇𝑇(𝑅𝑅)) = 4. 
ii. If 𝑝𝑝 = 3, then 𝜔𝜔(𝑇𝑇𝑇𝑇(𝑅𝑅)) = 𝜒𝜒(𝑇𝑇𝑇𝑇(𝑅𝑅)) = 6. 

Proof: i) By Lemma 3.2(i), suppose that 𝑡𝑡 ∈ ℳ�𝑇𝑇𝑇𝑇(𝑅𝑅)�, 

where 𝑅𝑅 ≅ 𝑍𝑍2𝑟𝑟 and 𝑟𝑟 is a prime integer. Take 𝑁𝑁[𝑡𝑡] as an 
induced subgraph of 𝑇𝑇𝑇𝑇(𝑅𝑅) and put 𝑡𝑡 = 0, so we get 

𝑁𝑁[0] = {0,1, 𝑟𝑟 − 1, 𝑟𝑟, 𝑟𝑟 + 1,2𝑟𝑟 − 1} 
Assume that 𝑇𝑇𝑇𝑇𝑁𝑁[0](𝑅𝑅) = {0,1, 𝑟𝑟, 𝑟𝑟 + 1,2𝑟𝑟 − 1} represent 
the vertices of an induced subgraph of 𝑇𝑇𝑇𝑇(𝑅𝑅) which induces 
from 𝑁𝑁[0]. By [5, Lemma 3.5] ,it possesses deg(𝑎𝑎) =
|𝑇𝑇𝑇𝑇𝑇𝑇(𝑅𝑅)| 𝑜𝑜𝑜𝑜 |𝑇𝑇𝑇𝑇𝑇𝑇(𝑅𝑅)| − 1, for every 𝑎𝑎 ∈ 𝑉𝑉�𝑇𝑇𝑇𝑇(𝑅𝑅)�, that is; 
deg(𝑎𝑎) = 6 𝑜𝑜𝑜𝑜 5. Particularly, deg(𝑎𝑎) = 5 𝑜𝑜𝑜𝑜 4, for every 

𝑎𝑎 ∈ 𝑉𝑉 �𝑇𝑇𝑇𝑇𝑁𝑁[0](𝑅𝑅)�. Then at least for 1 and 𝑟𝑟 + 1 in 

𝑇𝑇𝑇𝑇𝑁𝑁[0](𝑅𝑅) , we obtain 𝑑𝑑(1, 𝑟𝑟 + 1) = 2, that is; 
1 + (𝑟𝑟 + 1) = 𝑟𝑟 + 2 ∉ 𝑇𝑇𝑇𝑇𝑇𝑇(𝑅𝑅), so 𝑑𝑑𝑑𝑑𝑑𝑑(1) = 𝑑𝑑𝑑𝑑𝑑𝑑(𝑟𝑟 + 1) =
3. Thus 𝑇𝑇𝑇𝑇(𝑅𝑅) does not contain 𝐾𝐾5 as a subgraph of 𝑇𝑇𝑇𝑇(𝑅𝑅). 
Also, assume 𝑇𝑇𝑇𝑇𝑁𝑁[0](𝑅𝑅) = {0,1, 𝑟𝑟 − 1, 𝑟𝑟, 2𝑟𝑟 − 1} as a vertex 
of an induced subgraph of 𝑇𝑇𝑇𝑇(𝑅𝑅) which induced from 𝑁𝑁[0]. 
By similar way of above, it possesses 𝑑𝑑(𝑟𝑟 − 1,2𝑟𝑟 − 1) = 2, 
such that (𝑟𝑟 − 1) + (2𝑟𝑟 − 1) = 𝑟𝑟 − 2 ∉ 𝑇𝑇𝑇𝑇𝑇𝑇(𝑅𝑅). 
Hence no 𝐾𝐾5 as a subgraph contains 𝑇𝑇𝑇𝑇(𝑅𝑅), furthermore, 
𝜔𝜔(𝑇𝑇𝑇𝑇(𝑅𝑅)) = 𝜒𝜒(𝑇𝑇𝑇𝑇(𝑅𝑅)) = 4. 
ii) Let 𝑡𝑡 ∉ 𝑇𝑇𝑇𝑇𝑇𝑇(𝑅𝑅)  𝑠𝑠𝑠𝑠𝑠𝑠ℎ 𝑡𝑡ℎ𝑎𝑎𝑎𝑎 𝑡𝑡 ∈ ℳ�𝑇𝑇𝑇𝑇(𝑅𝑅)�, by Lemma 
3.2(ii), it possesses  deg(𝑡𝑡) = 8. We take 𝑁𝑁[𝑡𝑡]  as an induced 
subgraph of 𝑇𝑇𝑇𝑇(𝑅𝑅). Now we show that 𝐾𝐾7  does not contain 
in 𝑇𝑇𝑇𝑇(𝑅𝑅) . Suppose the subgraph 𝑇𝑇𝑇𝑇𝑁𝑁[0](𝑅𝑅) contain only 
7  vertices, then 𝑉𝑉�𝑇𝑇𝑇𝑇𝑁𝑁[𝑡𝑡](𝑅𝑅)� = {𝑡𝑡,𝑦𝑦𝑖𝑖; 1 ≤ 𝑖𝑖 ≤ 6} , so we 
concern the following cases; 
Case1. If for all  𝑦𝑦𝑖𝑖 and 𝑦𝑦𝑗𝑗 in 𝑉𝑉 �𝑇𝑇𝑇𝑇𝑁𝑁[𝑡𝑡](𝑅𝑅)�  and 𝑦𝑦𝑖𝑖 + 𝑦𝑦𝑗𝑗 ∈

𝑇𝑇𝑇𝑇𝑇𝑇(𝑅𝑅), then 𝑑𝑑�𝑦𝑦𝑖𝑖 ,𝑦𝑦𝑗𝑗� = 1.  That is ; 𝑇𝑇𝑇𝑇(𝑅𝑅) contains 𝐾𝐾7. 

Case 2. If for all  𝑦𝑦𝑖𝑖 and 𝑦𝑦𝑗𝑗 in 𝑉𝑉 �𝑇𝑇𝑇𝑇𝑁𝑁[𝑡𝑡](𝑅𝑅)�  and 𝑦𝑦𝑖𝑖 + 𝑦𝑦𝑗𝑗 ∉

𝑇𝑇𝑇𝑇𝑇𝑇(𝑅𝑅), then 𝑑𝑑�𝑦𝑦𝑖𝑖 ,𝑦𝑦𝑗𝑗� = 2.  That is ; 𝑇𝑇𝑇𝑇(𝑅𝑅)  does not contain 
𝐾𝐾7. As a result , at least there is case 2, shows that ; 𝑇𝑇𝑇𝑇(𝑅𝑅)  
does not contain 𝐾𝐾7. Thus 𝑇𝑇𝑇𝑇(𝑅𝑅) contains 𝐾𝐾6. Furthermore, 
𝜔𝜔(𝑇𝑇𝑇𝑇(𝑅𝑅)) = 𝜒𝜒(𝑇𝑇𝑇𝑇(𝑅𝑅)) = 6. 

Remark 5.4. Consider that if 𝑡𝑡 ∈ 𝑇𝑇𝑇𝑇𝑇𝑇(𝑅𝑅)  𝑎𝑎𝑎𝑎𝑎𝑎 𝑡𝑡 ∈
ℳ�𝑇𝑇𝑇𝑇(𝑅𝑅)�, then the result of Theorem 5.3, is not verified, 

because 𝑉𝑉 �𝑇𝑇𝑇𝑇𝑁𝑁[0](𝑅𝑅)� doesn’t induce a complete subgraph 

𝐾𝐾6 see Example 5.5. 

Example 5.5. 𝑅𝑅 ≅ 𝑍𝑍3𝑟𝑟 where 𝑟𝑟 = 5, suppose that 𝑡𝑡 = 0 and 
2(0) ∈ ℳ�𝑇𝑇𝑇𝑇(𝑅𝑅)�, and 0 ∈ 𝑇𝑇𝑇𝑇𝑇𝑇(𝑅𝑅), so 
𝑁𝑁[0]={0,1,4,5,6,9,10,11,14}, that is ; by [5, Lemma 3.5],  
deg(𝑡𝑡) = 8. 
Now, take 𝑉𝑉 �𝑇𝑇𝑇𝑇𝑁𝑁[0](𝑅𝑅)� as a vertex of an induced subgraph 

of 𝑇𝑇𝑇𝑇(𝑅𝑅), then it possesses �8
5� cases to choose the set of 

vertices 𝑉𝑉 �𝑇𝑇𝑇𝑇𝑁𝑁[0](𝑅𝑅)�. Now take: 
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𝑉𝑉 �𝑇𝑇𝑇𝑇𝑁𝑁[0](𝑅𝑅)� = {0,1,4,5,6,9} 

That 𝑑𝑑(4,9) = 2 such that 4 + 9 = 13 ∉ 𝑇𝑇𝑇𝑇𝑇𝑇(𝑅𝑅), so 
𝑇𝑇𝑇𝑇𝑁𝑁[0](𝑅𝑅) does not contain 𝐾𝐾6. 

Theorem 5.6. Let 𝑅𝑅 ≅ 𝑍𝑍2𝑟𝑟 where 𝑟𝑟 > 3 is a prime integer. 
Then  𝑇𝑇𝑇𝑇(𝑅𝑅) is a 4-partite graph. 
Proof. Let 𝑅𝑅 ≅ 𝑍𝑍2𝑟𝑟 where 𝑟𝑟 > 3 is a prime integer, and 
suppose the partitions as follow: 
𝑃𝑃1 = {𝑣𝑣𝑖𝑖: 1 ≤ 𝑖𝑖 ≤ 𝛼𝛼 }, 𝑤𝑤ℎ𝑒𝑒𝑒𝑒𝑒𝑒 𝛼𝛼 = 𝑟𝑟−1

2
 

𝑃𝑃2 = �𝑣𝑣𝑗𝑗:𝛼𝛼 + 1 ≤ 𝑗𝑗 ≤ 2𝛼𝛼 �, 
𝑃𝑃3 = {𝑣𝑣𝑘𝑘: 2𝛼𝛼 + 2 ≤ 𝑘𝑘 ≤ 3𝛼𝛼 }, 
𝑃𝑃4 = {𝑣𝑣𝑙𝑙: 3𝛼𝛼 + 3 ≤ 𝑙𝑙 ≤ 4𝛼𝛼 + 1 }, 
𝑃𝑃5 = {0, 3𝛼𝛼 + 2 }, 
𝑃𝑃6 = {2𝛼𝛼 + 1, 3𝛼𝛼 + 1 }. 
Since every 𝑃𝑃𝑖𝑖, for all 𝑖𝑖 is an independent set, because every 
two distinct vertices 𝑡𝑡 and 𝑦𝑦 in 𝑃𝑃𝑖𝑖, then 𝑡𝑡 + 𝑦𝑦 ∉ 𝑇𝑇𝑇𝑇𝑇𝑇(𝑅𝑅). 
Therefore ∪ 𝑃𝑃𝑖𝑖 where 1 ≤ 𝑖𝑖 ≤ 6 is equal to 𝑉𝑉� 𝑇𝑇𝑇𝑇(𝑅𝑅)� and 
𝑃𝑃𝑖𝑖, 1 ≤ 𝑖𝑖 ≤ 6 are disjoint.  
Now, by Theorem 5.3, we get 𝜔𝜔(𝑇𝑇𝑇𝑇(𝑅𝑅)) = 𝜒𝜒(𝑇𝑇𝑇𝑇(𝑅𝑅)) = 4, 
so the minimum partite of 𝑇𝑇𝑇𝑇(𝑅𝑅) is equal tom 4 as the 
following: 
Let 𝑉𝑉1 = (𝑃𝑃1 ∪ 𝑃𝑃3), since every two distinct vertices of 𝑉𝑉1 is 
adjacent to 𝑃𝑃𝑖𝑖 for 𝑖𝑖 = 2,4,5,6 and let 𝑉𝑉2 = (𝑃𝑃2 ∪ 𝑃𝑃4), because 
every two distinct vertices of 𝑉𝑉2 is adjacent to 𝑃𝑃𝑖𝑖  for 𝑖𝑖 =
1,3,5,6, also let 𝑉𝑉3 = 𝑃𝑃5 and 𝑉𝑉4 = 𝑃𝑃6, for the same reason. 
That is; 𝑇𝑇𝑇𝑇(𝑅𝑅) is a 4-partite graph. 

Theorem 5.7. Let 𝑅𝑅 ≅ 𝑍𝑍2𝑟𝑟 where 𝑟𝑟 > 3 is a prime integer. 
Then  𝛾𝛾𝑖𝑖𝑖𝑖𝑖𝑖�𝑇𝑇𝑇𝑇(𝑅𝑅)� = 𝑟𝑟 − 2. 
Proof. Let 𝑅𝑅 ≅ 𝑍𝑍2𝑟𝑟 where 𝑟𝑟 > 3 is a prime integer. By 
Theorem 5.3, consider that 

𝐷𝐷 = (𝑃𝑃1 ∪ 𝑃𝑃3) 
where 𝑃𝑃1 = �𝑣𝑣𝑖𝑖: 1 ≤ 𝑖𝑖 ≤ 𝛼𝛼 𝑤𝑤ℎ𝑒𝑒𝑒𝑒𝑒𝑒 𝛼𝛼 = 𝑟𝑟−1

2
� and 𝑃𝑃3 =

�𝑣𝑣𝑘𝑘: 2𝛼𝛼 + 2 ≤ 𝑘𝑘 ≤ 3𝛼𝛼 𝑤𝑤ℎ𝑒𝑒𝑒𝑒𝑒𝑒 𝛼𝛼 = 𝑟𝑟−1
2
�, then for every two 

distinct vertices as 𝑡𝑡1 and 𝑡𝑡2 in 𝐷𝐷 they are not adjacent, since 
𝑡𝑡1 + 𝑡𝑡2 ∉ 𝑇𝑇𝑇𝑇𝑇𝑇(𝑅𝑅) so 𝐷𝐷 is an independent set. Also for every 
vertex 𝓋𝓋𝑚𝑚 ∈  𝑇𝑇𝑇𝑇(𝑅𝑅), where 0 ≤ 𝑚𝑚 ≤ 2𝑟𝑟 − 1 , 𝑚𝑚 ≠ 𝑖𝑖 and 
𝑚𝑚 ≠ 𝑘𝑘, then 𝑑𝑑(𝓋𝓋𝑚𝑚, 𝑡𝑡) = 1 for every 𝑡𝑡 ∈ 𝐷𝐷. That is; D is an 
independent dominating set of |𝐷𝐷| = |𝑃𝑃1 ∪ 𝑃𝑃3| = 𝛼𝛼 + 𝛼𝛼 −
1 = 2𝛼𝛼 − 1. Since 𝛼𝛼 = 𝑟𝑟−1

2
, so it possesses 

|𝐷𝐷| = 2 �
𝑟𝑟 − 1

2
� − 1 = 𝑟𝑟 − 2. 

 
Now, we show that 𝐷𝐷 is a minimal independent dominating 
set, assume that 𝐷𝐷 = 𝑃𝑃1 or 𝐷𝐷 = 𝑃𝑃3, then there is at least 𝜈𝜈1 ∈
𝐷𝐷 , such that 𝜈𝜈1 + 𝑡𝑡 ∉ 𝑇𝑇𝑇𝑇𝑇𝑇(𝑅𝑅), which implies 𝑑𝑑(𝜈𝜈1, 𝑡𝑡) ≥ 2, 
that is ; 𝐷𝐷 does not independent dominating set. Thus 𝐷𝐷 =

(𝑃𝑃1 ∪ 𝑃𝑃3) is a minimal independent dominating set, with 
𝛾𝛾𝑖𝑖𝑖𝑖𝑖𝑖�𝑇𝑇𝑇𝑇(𝑅𝑅)� = 𝑟𝑟 − 2. 

Theorem5.8. Let 𝑅𝑅 ≅ 𝑍𝑍2𝑟𝑟 where 𝑟𝑟 > 3 is a prime integer. 
Then  𝑀𝑀𝑑𝑑𝑑𝑑𝑑𝑑�𝑇𝑇𝑇𝑇(𝑅𝑅)� = 𝑟𝑟. 
Proof. Let 𝑇𝑇𝑇𝑇(𝑅𝑅) be the tripotent graph, wℎ𝑒𝑒𝑒𝑒𝑒𝑒 𝑅𝑅 ≅ 𝑍𝑍2𝑟𝑟 
with 𝑟𝑟 > 3 is a prime integer. Consider a resolving set 𝑆𝑆 ⊆
𝑉𝑉(𝑇𝑇𝑇𝑇(𝑅𝑅)) of the form  
𝑆𝑆 = {𝑠𝑠0, 𝑠𝑠1, … , 𝑠𝑠𝑘𝑘} . 
Where 0 ≤ 𝑘𝑘 ≤ 𝑟𝑟 − 1. For any two distinct vertices 𝑡𝑡𝑖𝑖 , 𝑡𝑡𝑗𝑗 ∈
 𝑉𝑉(𝑇𝑇𝑇𝑇(𝑅𝑅)), their distance representation with respect to 𝑆𝑆 
satisfy  
𝜓𝜓(𝑡𝑡𝑖𝑖|𝑆𝑆) ≠ 𝜓𝜓�𝑡𝑡𝑗𝑗|𝑆𝑆�. 
Thus, 𝑆𝑆 is a resolving set for 𝑇𝑇𝑇𝑇(𝑅𝑅). Next to show that 𝑆𝑆 is a 
minimum resolving set, assume that 1 ≤ 𝑘𝑘 ≤ 𝑟𝑟 − 1. Under 
this assumption, there exist indices 𝑖𝑖 ≠ 𝑗𝑗 such that the 
corresponding vertices coincide, namely 𝑡𝑡𝑖𝑖 = 𝑡𝑡𝑗𝑗, 𝑖𝑖 = 𝑟𝑟 −
1, 𝑎𝑎𝑎𝑎𝑎𝑎 𝑗𝑗 = 2𝑟𝑟 − 1. In this case, we obtain 𝜓𝜓(𝑡𝑡𝑖𝑖|𝑆𝑆) ≠
𝜓𝜓�𝑡𝑡𝑗𝑗|𝑆𝑆�, which contradicts our assumption. Hence, 𝑆𝑆 =
{𝑠𝑠0, 𝑠𝑠1, … , 𝑠𝑠𝑘𝑘} refer to a minimum resolving set of 𝑇𝑇𝑇𝑇(𝑅𝑅), 
with |𝑆𝑆| = 𝑟𝑟 = 𝑀𝑀𝑑𝑑𝑑𝑑𝑑𝑑�𝑇𝑇𝑇𝑇(𝑅𝑅)�. 
 

Conclusion 
In conclusion, the tripotent graph of a commutative 

ring 𝑅𝑅 shows several important structural features, 
including a well-defined cycle texture and Hamiltonian 
graph, although it is not Eulerian. Notably, the subgraph 
formed by nonzero tripotent elements is a line graph, and in 
local rings, clear connections with the unit graph and the 
clean graph are observed. A closer look at key graph 
invariants such as size, diameter, clique number, chromatic 
number, partiteness, and the independent domination 
number, especially for reduced rings, highlights the 
usefulness of the tripotent graph as a tool in algebraic graph 
theory. In addition, the metric dimension provides further 
insight and opens new directions for seeking the 
relationship between ring-theoretic properties and 
graph textures. 
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